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Abstract 

The primitive elements of the supersymmetry algebra cohomology as de- 
fined in a companion paper are computed exhaustively for standard supersym- 
metry algebras in dimensions D = 2 and D = 3, for all signatures (t, D — t) 
and all numbers N of sets of supersymmetries. 
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1 Introduction 



This paper relates to supersymmetry algebra cohomology as defined in pQ, for su- 
persymmetry algebras in dimensions D = 2 and D = 3 of translational generators 
P a (a = 1, . . . , D) and supersymmetry generators Q l a of the form 

[P a ,P b ] = 0, [P o ,<&] = 0, {Q^Q 3 p } = -i^{T a C- l U_P a (1.1) 

where 5 y * denotes the Kronecker delta for AT sets of supersymmetries0 

*'={\Vi = A (L2) 

and C is a charge conjugation matrix fulfilling in all cases under study 

Va: CY a C~ l = — r aT (1.3) 

and 

C T = -C. (1.4) 

The object of this paper is the determination of the primitive elements of the su- 
persymmetry algebra cohomology for supersymmetry algebras (11. ip in D = 2 and 
D = 3 dimensions, for all numbers N of sets of supersymmetries and all signatures 
(t, D — t) of the Clifford algebra of the gamma matrices T a . According to the defini- 
tion given in [Tj, these primitive elements are the representatives of the cohomology 
Hgh(sgh) of the coboundary operator 

^^^(r^W^^ (i.5) 

in the space f2 g h of polynomials in translation ghosts c a and supersymmetry ghosts £f 
corresponding to the translational generators P a and the supersymmetry generators 
Q\ respectively, 

D r 

^ = {EE C "'- • • • et n <-:Xa 1 ...a P I , e c, r = o, 1, 2, . . . }. 

p=0 n=0 

(1.6) 

Depending on the dimension D and on the signature (t, D — t) the supersymmetry 
generators and the supersymmetry ghosts are Majorana or symplectic Majorana 
spinors defined according to sections 2 and 4 of pQ by means of a matrix B and, in 
the case of symplectic Majorana spinors, a matrix Q: 

Majorana supersymmetries: £* lct = ^j-B" 1 ^, (1.7) 

1 The index i — 1,...,N numbers sets of supersymmetries. In the case of Majorana- Weyl 
supersymmetries we use i = 1 + , . . . , N + , 1_, . . . , N- with N = N + + N- where the subscripts + 
and — indicate the chirality of the supersymmetries respectively. 
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symplectic Majorana supersymmetries: £* 4a = —£,jB 1 /3 a tt* jt (1.8) 

where £* ia denotes the conjugate-complex of £f\ For the matrix B there are two 
different options in all cases exept for signatures (0, 2) and (2, 0) in D = 2 dimensions 
(see section 2.8 of [T]). The results will be formulated in such a way that they are 
valid for both choices of B (see section 5.5 of |T]). Therefore it will not be necessary 
to fix a choice of B. Symplectic Majorana supersymmetries occur only for the 
signatures (0, 3) and (3, 0) in D = 3 dimensions and the matrix Q used in these 
cases will be specified in section 13.11 

In all cases we shall use the following strategy to compute i7 g h(s g h): we first compute 
the cohomology groups explicitly in a particular spinor representation and then refor- 
mulate the result in an so(t, D — t)-covariant way (with so(t, D — ^-transformations 
as in section 2.6 of pQ) so that they become independent of the spinor representation. 

We shall use the notation ~ for equivalence in ff g h(s g h), i-e. for ui,u 2 G fi g h the 
notation u\ ~ uj 2 means U\ — u 2 = s^u^ for some 003 G fl g h- 

ooi ~ u 2 3w 3 : uj\ - u 2 = s gh Us (wi,u 2 ,u 3 6 n gh ). (1.9) 

Notation and conventions which are not explained here are as in pp. 

2 Primitive elements in D = 2 dimensions 

2.1 i^gh(sgh) for signature (1,1) in a particular representation 

We shall first compute H gh (s g h) in D = 2 dimensions for signature (1, 1) and any 
numbers N + , iV_ of Majorana- Weyl supersymmetries in a spinor representation with 

r 1 = -id! , T 2 = a 2 , f = a 3 , C = a 2 . (2.1) 

In this spinor representation Majorana- Weyl supersymmetry ghosts £^ = (£j A £ i± ~) 
(with = have only one nonvanishing component, 

C + + = (^ + ,0), £ = ((),%_)■ (2.2) 
The coboundary operator s g h acts on the translation ghosts according to 

N+ N- N+ N— 

i+=l i_=l *+=! i_=l 

These transformations can be simplified by introducing the following purely imagi- 
nary linear combinations of the translation ghosts: 

c 1 = -i( c 1 + c 2 ), c 2 = -i(c 1 -c 2 ). (2.4) 
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c 1 and c 2 have the ^-transformations 



N+ N- 

SghC 1 = ^(^ + ) 2 , s gh c 2 = ^(x,J 2 . (2.5) 



i+=l i_=l 



We define the space f2 + of polynomials ol^c 1 , . . . , ifiN+) in c 1 and the com- 
ponents of the supersymmetry ghosts of positive chirality, and the space f2_ of 
polynomials oj_(c 2 , . . . , Xtv_) in c 2 and the components of the supersymmetry 
ghosts of negative chirality. Equation (I2.5P shows that s g h does not lead out of 
these spaces respectively, i.e. u + G Q + implies (s g hW+) G fi+ and oj_ G implies 
(s g hW_) G for all o> + and w_. Furthermore the space J7 gh of polynomials in all 
ghost variables can be written as the tensor product Q + <g> of Q + and f2_ (with 
uj + ®lj- = uj + lj-). This implies the Kiinneth formula i? g h(s g h) = ^+(s g h) <g>H-(s g h) 
where i/ + (s g h) and if_(s g h) denote the cohomology of s g h in Q + and f2_ respectively. 

H + (s g t l ) and i?_(s g h) can be directly obtained from lemmas 6.1 and 6.2 of [I]. Indeed, 
up to a factor |, SghC 1 and s g hC 2 are completely analogous to SghC 1 in D = 1 dimen- 
sion, cf. equation (6.5) of [1]. We conclude that H + (s s h) is for N + > represented 
by polynomials a (if)2 + , • • • , ^n+) + V'i+ a i(V , 2+) ■ ■ ■ 1 4>n + ) and that H_(s g h) is for 
AL > represented by polynomials &o(X2_, • • • , XN-) + Xi-A(X2_, - - - , Xat_), where 
do(ip2 + , • • • , ipN + ) and ai(-02 + , . . . , ^n + ) are arbitrary polynomials in ip- 2+ , • • • , 
and 6o(X2_ , • • • , XN- ) and 61 (%2_ , • • • , Xiv_ ) are arbitrary polynomials in %2_ , • • • , Xn^ ■ 
The Kiinneth formula yields thus: 

Lemma 2.1 (# gh (s gh ) for iV + > and iV_ > 0). 

In the spinor representation (12.11) . -£f g h(s g h) represented in the cases with both 
N + > and AL > by polynomials in the supersymmetry ghosts which are at most 
linear both in and in xi- and do not depend on the translation ghosts: 

s gh u = <^> u ~ a 00 + V'l+aio + Xi_«oi + ^\+Xi- a iu ( 2 -6) 
aoo + ^i + «io + Xi- a oi + ^i + Xi^ a n ~ <^> a 00 = a 10 = a 01 = a u = (2.7) 

where a o, aio; aoi anc ^ a n are polynomials in ip2+>- ■ ■ ,^n+ or X2-,- ■ ■ ,Xn- or com- 
plex numbers: 



AL > 1,AL > 1 
N + > 1 , AL = 1 
AL = 1,AL > 1 
AL = 1,AL = 1 



a ij = a ij (i(}2 + ,---,iJN + ,X2-,---,XN-), i,jE {0,1}; (2.8) 

a ij =a ij (tjj2 + ,---,ipN + ), i,jG{0,l}; (2.9) 

<kj = Oij(X2-,---,XN-), i,je {0,1}; (2.10) 

a^GC, ye{0,l}. (2.11) 



The cases AL = or AL = are even simpler. E.g., in the case AL = one has 
s ghC 2 = and = {a + bc 2 \a, b G C}. Hence, in this case H_(s g ^) coincides with 
and the Kiinneth formula gives: 

Lemma 2.2 (H gh (s gh ) for N + > and AL = 0). 

In the spinor representation (12. ip . if gh (s gh ) is represented in the cases with AL > 
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and N_ = by polynomials in the supersymmetry ghosts which are at most linear 
in ipi + and do not depend on c l : 

SghOJ = co ~ ao + V'l+Gi; (2-12) 
ao + "0i + ai~O <^ ao = cti = (2-13) 

where ao and ai are polynomials in ip2 + , . . . , i/jn + or the translation ghost variable 
c 2 : 

N + >1: ai = a i0 (^2 + , • • • ,ipN+) + c 2 a il (ip 2+ , ■ ■ ■ ,ipN + ), ^ G {0, 1}; (2.14) 
N+ = l: ai = a i0 + c 2 a a , a i0 ,a a G C, i G {0, 1}. (2.15) 

An analogous result holds for N + = and iV_ > 0, with the \%- i n place of the ip i+ 
and c 1 in place of c 2 . 

Notice that for two or more Majorana-Weyl supersymmetries it makes a consider- 
able difference for the cohomology whether or not all the supersymmetries have the 
same chirality. In particular, in the case (N + ,N_) = (1,1) lemma ET] states that 
i^gh(sgh) is represented by a o + V'l+^o + Xi- a oi + ^l+Xi-On with a^- G C. Hence, 
.£fgh(s g h) is four dimensional in the case (N + , N_) = (1, 1) (counting complex dimen- 
sions). This differs from the case (N + ,N_) = (2,0) for which, according to lemma 
12.21 -ffgh(sgh) is represented by a (ifj2 + ,c 2 ) + V ; i+ a i('02 + , c 2 ) where ao(ip2 + , c 2 ) and 
fli(^2 +) c 2 ) are polynomials of arbitrary degree in ip2 + and may also depend linearly 
on c 2 . Hence, in the case (iV + ,AL) = (2,0) the cohomology i/ g h(s g h) is infinite 
dimensional, in sharp contrast to the case (N + ,N_) = (1,1) which has the same 
number of supersymmetries. 



2.2 i^gh(sgh) for signature (1,1) in covariant form 

The results summarized in lemmas 12.11 and 12.21 can be readily rewritten for spinor 
representations equivalent to the spinor representation (12. ip . using that the equiv- 
alence transformations relating any two spinor representations in even dimensions 
do not mix chiralities, cf. section 2.7 of [T]. Since the ^ + and Xi- denote the com- 
ponents of chiral supersymmetry ghosts in the spinor representation ( 12. ip . we can 
simply substitute the components of chiral supersymmetry ghosts in any equivalent 
spinor representation for them to obtain i^ g h(s g h) in the respective spinor represen- 
tation. Furthermore, one readily checks that the product i/j\ + Xi- can be written 

as the so(l, l)-invariant ~(f C -1 )^ which extends it to spinor representations 

equivalent to (12. ip . Therefore, a spinor representation independent formulation of 
lemma 12.11 is, for instance: 

Lemma 2.3 (H gh (s gh ) for N + > and iV_ > 0). 

i^gh(sgh) is represented in the cases with both N + > and AL > by polynomials 
in the supersymmetry ghosts which are at most linear both in the components of 
and in the components of and do not depend on the translation ghosts: 

s gh u = u ~ a + ^t+ a +a + + ^i"(rC -1 )^ a+_ ; (2.16) 
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a + £l+ a +a + £l~a-a + (t+ Cir(f C l )aJ3_ 0+_ ~ 

•v^ a = ^/^a+Q, = ^-a.a = a + _ = (2-17) 

where a, a +9L , a-a and a + _ are polynomials in the components of the super symmetry 
ghosts £2+1- ■ ■ >£n or 6:L;- ■ ■ >Cn_ or complex numbers analogously to equations (12. 8p 
to dZH|). 

Analogously one may formulate lemma 12.21 in a spinor representation independent 
form. Equation (I2.17P takes into account that, in general, in a spinor representation 
different from (but equivalent to) the spinor representation (12. ip the nonvanishing 
components of £f and of £f_ are linearly dependent, respectively. 



2.3 i^gh(sgh) for signatures (0,2) and (2,0) 

We now derive i7 g h(s g h) for signatures (0,2) and (2,0) departing from particular 
spinor representations with 

signature (0, 2) : r 1 = o x , T 2 = a 2 , f = a 3 , C = a 2 ; (2.18) 
signature (2, 0) : r 1 = -i a x , T 2 = -i a 2 , f = a 3 , C = a 2 . (2.19) 

s g h acts on the translation ghosts according to 

N N 



ignature (0,2) : s^c 1 = s gh c 2 = ^(CNt + ^t); (2.20) 

1=1 i=l 

N N 

ignature (2,0) : s^c 1 = i^(^-^f), s gh c 2 = lJ2<M+&&- ( 2 -21) 



In terms of the ghost variables ipi = \% = Cf an d 

signature (0, 2) : c l = -c 1 -\c 2 , c 2 = c 1 -ic 2 ; (2.22) 
signature (2, 0) : c 1 = -ic 1 + c 2 , c 2 = ic 1 + c 2 (2.23) 

the Sgh-transformations (I2,20p read in either case 

N N 
i=l i=l 

These transformations are analogous to those in equation (12.51) for N + = AL = N. 
Therefore we can directly obtain the cohomology i/ gh (s g h) for signature (0,2) in 
the spinor representation (I2.18P and for signature (2, 0) in the spinor representation 
(12719]) from lemma IP for iV + = iV_ = N: 

Lemma 2.4 (i7 g h(s g h) in the particular spinor representations). 

In the spinor representations (I2.18P for signature (0,2) and (I2.19P for signature 



6 



(2,0), i^gh(sgh) is represented by polynomials in the supersymmetry ghosts which are 
at most linear both in ipi and xi and do not depend on the translation ghosts: 

s gh u = <^> w~aoo+ViOio + XiOoi + teiaii; ( 2 - 25 ) 
a 00 + tpiaio + Xi a oi + V'iXiOh ~ a o = a i0 = a i = an = (2.26) 

where a 00; ai , a 01 an d a n are polynomials in ip 2 ,- ■ ■ ,^n,X2,- ■ ■ ,Xn or complex num- 
bers: 

N>1: Oij = a ij ('ip 2 ,...,ip N ,X2T--,XN), i,je {0,1}; (2.27) 
JV=1: OijeC, z,je{0,l}. (2.28) 

To formulate i7 g h(s g h) in spinor representations equivalent to the spinor represen- 
tations (12.181) and 02.191) we use that ipi and Xi are the components of the su- 
persymmetry ghost £i and that the product ipiXi equals the so(t, 2 — t) invariant 
i^f^i"(rC _1 )a^ in these representations. This yields: 

Lemma 2.5 (-ffgh(s g h) in covariant form). 

-f^gh(s g h) is for signatures (0,2) and (2,0) represented by cocycles a, £f% and 
£f£i~(r C -1 )^ a + _ where a, a^ and a + _ are polynomials in the components of the su- 
persymmetry ghosts £ 2? - • ■ ;6v (if N > 1) or complex numbers (if N = 1) analogously 
to equations ([ZZID and flZZB} -' 

Sgh a; = ^ w~a + efaa + efCf(rC- 1 )^a+_; (2.29) 
a + £f aa + £fff (f C" 1 )^ a+_ ~ 

<^> a = a^ = a + _ = 0. (2.30) 

3 Primitive elements in D = 3 dimensions 
3.1 i^gh(sgh) in a particular representation 

In D = 3 dimensions we first compute i/ g h(s g h) for any signature (t, 3 — £) in a 
particular spinor representation given by 

T a = k a a a , a G {1,2,3}, k a = j ^ " > * > C = a 2 . (3.1) 

The supersymmetry ghosts £j are for signatures (1,2) and (2,1) Majorana spinors 
fulfilling equation (11.71) and for signatures (0, 3) and (3, 0) symplectic Majorana 
spinors fulfilling equation (11.81) with a matrix Q given by 



n 
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£=(_°1 jV ^ 



Accordingly, for signatures (0,3) and (3,0) we consider even numbers N of sets of 
supersymmetries and supersymmetry ghosts. 

We introduce the following notation for the components of the supersymmetry 
ghosts: 

(&£) = (VM*). (3-3) 

and the following translation ghost variables (with k a as in ( 13. ip ): 

c 1 = -kiC 1 -ik 2 c 2 , c 2 = -he 1 + ik 2 c 2 , c 3 = -ik 3 c 3 . (3.4) 

In terms of these ghost variables the coboundary operator s g h acts for all signatures 
(t, 3 — t) according to 

N N N 

s ghC 1 = J^(^) 2 , s gh c 2 = J^(Xi) 2 , s gh c 3 = ^ipiXi • (3.5) 

i=l i=l i=l 



3.1.1 Strategy 

In order to compute i? g h(s g h) in the spinor representation (13.11) we shall use results 
in D = 2 dimensions obtained in section El To use these results we define the space 
Cl of polynomials in the ghost variables that do not depend one 3 , 



Q := < u E Q 



The coboundary operator s g h acts in the space Cl exactly as on ghost polynomials 
in D = 2 dimensions for signatures (0,2) and (2,0), cf. equations (12.241) . The 
cohomology of s g h in fl is thus obtained from lemma I2~!4"l We denote this cohomology 
by H gh (s gh ). 

To determine .ffgh(sgh) from i7 gh (s gh ) we write a ghost polynomial u G fi gh as 

U) = UJq + C 3 LOi , LJqjLJx <E Cl. (3.7) 

This yields 

N 

s gh u = s gh u + ^ ipiXi&i - c 3 (s gh o)i). (3.8) 

Notice that on the right hand side of equation (13. 8p only the last term contains c 3 . 
We thus obtain: 

JV 

■Sghu; = s gh o)i = A s g ha)o + / ^ j>iXi&i = 0- (3.9) 

i=l 
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The first condition Sg^Ui = in (13. 9 p imposes that Cj\ is a cocycle in if gh (s g h). This 
condition will be solved by means of the result ( I2.25P of lemma 12.41 The second 
condition in ( 13. 9 j) imposes that Y^x^iXi&i is a coboundary in H^{s^). That 
second condition will be solved by means of the result (I2.26P of lemma 12.41 Then uq 
will be determined using again the result (I2.25P of lemma 12 A\ and u will be obtained 
from the results for Cjq and Cj\ using ( 13 .7p . We shall have to distinguish the cases 
N = 1 and N > 1. 

3.1.2 i/gh(s g h) for N =1 

Starting from the first condition s g hcDi = in (13. 9p we conclude in the case N — 1 
from the result (I2.25P of lemma 12.41 that 

&i = Sgh^i + ctoo + ^lflio + Xi«oi + ^iXi a n (3-10) 

for some polynomial Q\ G f2 and some complex numbers G C. Using this result 
for a>i in the second condition in (13. 9p . the latter becomes in the case N = 1: 

= s gh u + ^iXi( s gtiQi + a oo + ^i«io + Xi a oi + V'iXiOii) 

= s gh (u + i>iXiQi + c X Xi a io + c Vi«oi + \{c l X\Xi + cVi^i)oii) + V'lXiaoo ■ 

(3.11) 

Equation (13. lip imposes in particular that ^iXi^oo is a coboundary in if g h(s g h)- 
Using the result (I2.26P of lemma 12.41 we conclude 

a 00 = 0. (3.12) 

Using now equation (13.121) in equation (13.111) . the latter imposes 

s gh (u>o + 1P1X1Q1 + c l X\a\o + cVi a oi + K^XiXi + c 2 ^i^i)an) = 0. 
Using again the first result (12.251) of lemma 12.41 we conclude 

+ ipiXiQi + c X Xiaio + c 2 ^ia i + \{c l X\Xi + c 2 ^i^i)an 
= SghQo + b 00 + ipiho + Xi&oi + ihXihi (3-13) 

for some @o G fl and some % G C. Solving equation (I3.13P for u and using the 
results for u and Cj\ in equation ( 13. 7p we obtain 

cj = - ipiXiQi ~ c l Xia\o ~ c 2 ipia i - \{c l X\Xi + c^iV'Oan 
+ Sgh^o + ho + ihhva + xiboi + ifa.Xihi 
+ c 3 (s gh Qi + ipia 10 + xiaoi + ipiXi a n) 
= Sgh(Qo ~ c Z Qi + c 3 6n) + 6 o + ^i&io + Xi^oi + (c 3 ^i - c 1 xi)a-w 

+ (c 3 xi - c 2 ^i)a i + (c 3 ^iXi - \c l X\X\ - |c 2 ^iV>i)an . (3.14) 

The cocyles &oo + V'i^io + Xi^oi + (c 3- 0i — c 1 xi)aio + (c 3 Xi — c 2 ipi)ao\ are at most 
linear in the supersymmetry ghosts and, therefore, cannot be exact in .ffgh(sgh) since 
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s g h-coboundaries in f2 gh depend at least quadratically on the supersymmetry ghosts 
owing to equations (13. 5p . Furthermore it can be readily checked explicitly that 
c 3, 0iXi — \c 1 XiXi ~ \c 2 i)\ r ipi is not exact in if g h(s g h): in order to be a coboundary 
it would have to be of the form s g Y L {d a bC a c b ) for some d a b G C but no such d a b exist. 
One can conclude the non-existence of the d a b without any calculation, using that 
c 3, 0iXi — \c 1 XiXi ~ |c 2 ^i^i is actually an so(t, 3 — t)-invariant ghost polynomial, cf. 
section I3T2"1 and therefore, owing to the so(t, 3 — t)-mvariance of s g h, d a bC a c b would 
have to be so(t, 3 — t)-invariant too; however, there is no nonvanishing so(t, 3 — £)- 
invariant bilinear polynomial in the translation ghosts in dimensions D > 3 (the only 
candidate bilinear polynomial would be proportional to i] a bC a c b but this vanishes as 
the translation ghosts anticommute). We conclude: 

Lemma 3.1 (if g h(s g h) for N = 1). 

In the spinor representation (13. ip . H gh (s g h) is in the case N = 1 represented by the 
cocycles I, Xi, c 3 ^i - c x xi, c 3 Xi - c 2 ^i and c 3 V>iXi - \c l X\Xi ~ \c 2 ^\^\-- 

s gh u = o u ~ 6 o + Aho + Xi&oi + (c 3 ^i - c x xx)a w + (c 3 xi - c 2 ipi)a m 

+ (c 3 ipiXi ~ \c l XiXi ~ fcVi^Oon ; (3-15) 
&oo + ^i&io + Xihi + (c 3 ^i - c^O^io + (c 3 xi - c 2 ^i)a i 
+ (c 3 ^iXi - |c x XiXi - tjC^i^iHi ~ <^> bij = a,ij = 0, (3.16) 

where fry, a« G C. 



3.1.3 Towards H gh (s gh ) for iV > 1 

In the cases > 1 we start again from the first condition s g hWi = in (13.91) . We 
conclude from the result (12.251) for TV > 1 in lemma 12.41 that 

d)i = s gh ^i + a o + tpia 10 + Xiaoi + *PiXi a n ( 3 -17) 

for some polynomial Q\ G f2, with oy polynomials in -0 2 , . . . , ^jv, X2, • • • , Xn : 

ay = a ij (ip 2 ,...,'ip N ,X2, ■■■iXn), z,je{0,l}. (3.18) 

Using this result for Cj\ in the second condition in (I3.9p . the latter yields in the cases 
N > 1: 

= s gh a> + £i^Xi(%i£i + «oo + ^iaio + Xi a oi + ^lXian) 
= s g h(w + SiViXift) + ^1X1(^00 + ^i«io + Xifloi + ^lXian) 

+ S^iXi( a 00 + ^lOio + Xi fl oi + ^iXi«n) 
= s gh (u + Zii/JiXiQi + c^oio + c 2 ^ia i + \{c l X\X\ + c^i^O^n) 

+ ^1X1^00 - m^AXiaio + XiXi^ia 01 ) - |S-(^^XiXi + XiXi^M^u 

+ S-^Xi(a o + t/'iOio + Xi a oi + ^iXi«n) 

= Sgh(w + ZilpiXiQl + C^iOio + C 2 ^!^! 

+ K^XlXl + C VlV'l - S-C 2 ^i - E-C^iXiKl) 
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+ AXi^oo - £-(V#*XiaiQ + XiXiV'iOoi) + Tl^i^i^XjXjO-n 

+ S-^Xi(aoo + ^i«io + Xi fl oi + i>iXx a n) (3.19) 



where we used the notation 

N N 



e. ^=e- 



i=l i=2 

Equation (I3.19P imposes: 

%i£>2 =^iXi(aoo + SjViXiflu) + s ^iXi«oo + Ej^iE^Xj-an 

+ ^lE-O^aio - XiXiOOl) + XiS-(^Xi«oi - V#iGio) (3.20) 

for ^ 2 = (— <^o + • • • ) GO, Using the result (12. 26[) we conclude from equation (I3.20p 
that 

«oo + ^'iAXi a u = 0, £^Xi fl oo + ^'iAA^'jXjXj a ii = 0, 

mi'iXid-io ~ XiXi^oi) = 0, ^(ipiXidoi - ipiipia w ) = 0. (3.21) 

The first and the second of these conditions imply 

(EfyiXiZjipjXj - K^i^'jXjX^an = (3.22) 

which holds identically (for any an) in the case N = 2 and imposes an = in the 
cases N > 2. 

The third and the fourth of the conditions in (I3.2ip give: 

N = 2: ^aio - X 2 a i = 0; (3.23) 
N > 2 : a w (E'^iXi^jXj ~ K^i^'jXjXj) = 0, 

aoiiK^iXi^jXj ~ K^iZ'jXjXj) = 0. (3.24) 



(13~23|) and (137241) imply 



N = 2: ai = xib, a i = ip 2 b] (3.25) 
N > 2: a w = a 01 = (3.26) 



for some polynomial b in ifj 2 and Xi- 
We thus infer from (13. 21ft : 

N = 2: a 00 = -^2X2^11 , a w = x%b , a i = V>2& ; (3.27) 
N > 2 : aoo = an = aio = ^oi = (3.28) 

where in (I3.27P an = aii(^ 2 , X2) and b = o(-02,X2) are polynomials in -0 2 and 
X2 which are not constrained by the cocycle condition. To proceed, we have to 
distinguish the cases N = 2 and N > 2. 
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3.1.4 H gh (s gh ) for N = 2 



Using (I3.27P in equations (13. 17j) and (I3.19P we obtain 

wi = SghQi + (1P1X2 + xMb + (ipiXi ~ ^2X2)^11 ; (3.29) 

+ \{c l XiXi + c 2 ipitpi - c 2 ^ 2 ip2 - c 1 X2X2)«n) = 0. (3.30) 
Using once again the result (I2.25P of lemma 12.41 we infer from (I3.30P : 

u + H^iXiQi + {c l XiX2 + c 2 ^x^2)b 
+ Kc^XiXi - X2X2) + c 2 (^i^i - ip2tp2))a u 
= SghQo + b 00 + ipiho + Xiboi + ^lXihi (3.31) 

for some Qo £ & and some polynomials 6^ = 5jj('02 ) X2) in ^2 and % 2 . Using the 
results for u Q and Ui in equation (13. 7p . we obtain: 

lo = - ZiifjiXiQi - {c l X\X2 + cViV^)6 

- U^iXiXi ~ X2X2) + c 2 (^i^i - ifaifa))aii 
+ s g hQo + boo + i^ibio + Xiboi + ipiXihi 
+ c 3 (s gh £?i + (^1X2 + xMb + (ipiXi ~ ^2X2)011) 
= s g h(Qo - c 3 Qi + c 3 6n) + b' Q0 + ipxbxo + X1&01 
+ (c 3 (^iX2 + Xi^2) - ~c X X\X2 ~ c 2 i)^2)b 

+ (c 3 (^iXi - ^2X2) - |c x (xiXi - X2X2) - \c 2 (4>iA - ip2tp2))a n (3.32) 

where b' 00 = b 00 - ^2X2^11 ■ 
We have thus shown: 

s gh u = 4» u ~6q + V>i&io + X1&01 + (c 3 (^iX2 + XiV's) - c 1 XiX2 - c 2 ipii) 2 )b 

+ (c 3 (^iXi - ^2X2) - \c l (xiXi ~ X2X2) - §c 2 (V>iV>i - "Mhfian . 

(3.33) 

We shall now investigate whether and which cocycles in equation (I3.33P are cobound- 
aries, i.e., we shall study the equation 

b'oo + V'i&io + X1&01 + (c 3 (^iX2 + xM ~ c 1 XiX2 - c 2 i)\i\)2)b 
+ (c 3 (^iXi - ^2X2) - \c x {x\X\ ~ X2X2) - |c 2 (V>i^i - ^2^2))on = s g h^. (3.34) 

As in equation (13. 7p we write q as 

Q = Q3 + c 3 Q il 03,Qi£&- (3.35) 
Writing s g hQ analogously to sg^u in (13. 8p . equation (I3.34p becomes 

^00 + V>i&io + Xiboi + (c 3 (^iX2 + xM ~ c l XiX2 ~ ~c 2 ^2)b 
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+ (c 3 0iXi - ^2X2) - \c l {xiXi - X2X2) ~ \c 2 {i) x ^i - 

= SghQ3 + + ^2X2)^4 - c 3 (s gh ^ 4 ) • (3.36) 

The terms in (13. 36p containing c 3 impose 

(^1X2 + XiV^ + (1P1X1 ~ ^2X2)011 = -Sghk ■ (3.37) 
Using the result (12.261) of lemma I2.4[ we conclude from equation (I3.37P 

b = a u = 0; (3.38) 
s g h^4 = 0. (3.39) 

Using the result (12.251) of lemma 12. 4[ we infer from (I3.39P : 

h = SghQ' + d 00 + V>idi + Xi^oi + ^1X1^11 , Q' e Cl (3.40) 

with dij = dij(if)2,X2) polynomials in 1^2 and \2- 

Using now (I3.38j) and (I3.40p in equation (I3.36j) . the latter yields 

6 00 + ^l fe 10 + Xl&Dl = s gh(^3 + (-01X1 + ifaXz)(?) 

+ (1P1X1 + ^2X2) (^oo + ipidio + Xidoi + ^iXi4i) 

= S gh (^3 + (iplXl + ^2X2)q') 

+ {tpiXi + ^2X2)^00 

+ Sghi^Xidio) ~ ^2^2X1^10 + ^2X2^1^10 

+ Sgh(c 2 V>ldoi) - X2X2^l4l + ^2X2X1^01 

+ a g h(c 1 XiXi^ii - c 2 ^ 2 ^2^ii) 

+ ^2^2X2X2^11 + ^2X2^1X1^11 • (3-41) 

This gives: 

&00 - ^2X2^00 - ^2^2X2X2^11 + ifa.(bio + X2X2^oi - ^2X2^10) 

+ Xl(&01 + ^2^2^10 - ^2X2^01) - ^1X1(^00 + ^2X2^11) = S gh Q 5 (3.42) 

for £5 = (£3 + • • • ) E Ct. Using the result (12.261) of lemma 12741 we infer from (I3.42p : 

b' o ~ ^2X2^00 - ^2^2X2X2^11 = 0, d 00 + ^2X2^11 = 0, (3.43) 
610 + X2X2^oi - ^2X2^10 = 0, 601 + ifoflfodva - ^2X2^01 = 0. (3.44) 

(I3.43P implies b' 0Q = 0, (I3.44p provides those polynomials 610, 6qi for which V'i&io + 
X1&01 is a coboundary in i^ g h(s g h). The latter condition on bio an d &01 can be 
rewritten in terms of the cocycle V'i&io + X1&01 as follows: 

i'lho + X1&01 = (^1^2X2 - Xi^2ip2)d w + (xi^2X2 - ^1X2X2)^01 

= (^1X2 - xAX^Mio - Xtdoi)- (3.45) 

We have thus shown: 
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Lemma 3.2 (H gh (s gh ) for N = 2). 

In the spinor representation (13.1 1) . H gh (s g h) is in the case N = 2 represented by 
cocycles b' 00 , ^i&io, Xi&oi, (c 3 (^iX2 + Xi^) - c x XiX2 - c 2 ^i^ 2 )& and (c 3 (t/>iXi - 
^2X2) - |c x (xiXi - X2X2) - |c 2 (^i^i - V'2^2))«ii waere 6q , & 10 , 6 i, & and an are 
polynomials in ip 2 and \i '■ 

s gh u = ^ uj ~ feo + ^i&io + X1&01 + (c 3 (^iX2 + XiV^) - c x XiX2 - c 2 ^i^ 2 )fe 

+ (c 3 OiXi - ^2X2) - \c l (xiXi - X2X2) - |c 2 (^i^i - ^2^2))an ; 

(3.46) 

fe oo + V'l&io + X1&01 + (c 3 (^iX2 + XiV^) - c x XiX2 - C 2 ^1^2)& 
+ (c 3 (^iXi - ^2X2) - Ic^XiXi - X2X2) - |c 2 (^i^i - ^ 2 ^2))an ~ 
<^> b' 00 = b = a u = A ^1610 + Xi^oi = (^1X2 - XiV ; 2)(^2a , io - X2a'oi) (3.47) 

for some polynomials dio and doi in ip% and X2- 
3.1.5 H gh (s gh ) for N > 2 

Using (13.281) in equations (I3.17P and (13.191) we obtain 

&i = s gh Q! ; (3.48) 
s g h(^o + ^i^iXiQi) = 0. (3.49) 

Using once again the result (I2.25P of lemma 12.41 we conclude from (13.491) : 

u + Ej^iXif?i = s g hQo + b 00 + tpiho + X1&01 + ^lXi^ii (3-50) 

for some g £ ^ an d some polynomials b^ = bij(ip2, ■ ■ ■ , i^N, X2, ■ ■ ■ > Xat)- Using the 
results for uj and Cj\ in equation (13.71) . we obtain: 

u = -^ipiXiQi + s gh Q + boo + Tpiho + X1&01 + i'lXihi + c 3 (s gh £i) 

= s gh (g - c 3 ^i + c 3 b u ) + b' 00 + ijjxbio + X1&01 (3.51) 

with &q = 6 o — ^'ii'ii'ibn with £• = 52 i=2 - We have thus shown in the cases N > 2: 

s gh u = u; ~ 6q + ^1610 + Xiboi- (3.52) 

We still have to determine those cocycles b' 0Q + ^iPio + Xi^oi that are coboundaries. 
Analogously to the case iV = 2 we thus study the equation 

b'00 + ^i°io + X1&01 = s gh g. (3.53) 

In the same way as in the analysis of equation (13.341) one derives the analog of (I3.4ip 
for iV > 2: 

b 'oo + ^i & io + Xi&oi = s gh(k + ^i4>iXiQ') 

+ Ej^Xi(^oo + <Mio + Xi^oi + ^1X1^11) 
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= s gh (03 + ^ii>iXiQ') 
+ EitpiXidoo 

+ s g h(c 1 Xi<iio) - K^iXidw + m^iXi^idw 

+ s g h(c 2 '0irfQi) - S^iXi^i^oi + Z'i4>iXiXidoi 

+ s g h(c 1 XiXirfn - c 2 £.^iVWn) 

+ E^j^jE^XjXj^n + S-V'iXiV'iXi^ii • ( 3 - 54 ) 

This yields: 

%hf?5 =^oo - ^'iAXidw - m^i^^XjXjdn 
+ ^i(&io + S-XiXi^oi - EfyiXidw) 
+ Xi(boi + %'jipiipidio - EfyiXido!) 
- ipiXi(doo + SjVtXi^ii) (3.55) 

with £5 = (£ 3 + . . . ) G f2. Using the result (I2.26P of lemma EH we infer from 03. 55ft : 

b'oo = ^iXidoo + K^i^'jXjXjdiu d 00 + m>iXidn = 0, (3.56) 
610 = -S-XiXi^oi + m>iXidw, b i = -E-^VWio + S^X^oi- (3.57) 

(I3.56P implies 

b'oo = {-^iX^'j^jXj + ^i^'jXjXj)dn 

= mm^ Xj -^ J ) 2 d 11 . (3.58) 

(I3.57P implies 

^l&io + Xiboi = ipii-Z'tXiXidoi + m>iXidia) + Xi(-£^i^Mio + E-^Xi^oi) 

= ^MAXi - xMdio - KXi(ipiXi - Xi^i)doi ■ (3.59) 

This yields: 

Lemma 3.3 (H gh (s gh ) for N > 2). 

In the spinor representation (13. ip . i/ g h(s g h) m t/ie case N > 2 represented by cocy- 
cles b' Q0 , -01^10 a^<i Xi^oi where b' 0Q , b w and fr i ore polynomials in ip 2 , ■ ■ ■ , i/>n, X2, ■ ■ • , Xiv-' 

s gh w = <^> w ~ 6' 00 + V1&10 + X1&01 ! (3.60) 
b'oo + i>ib w + xi&oi ~ <^> 

JV JV 

b 'oo = \ S^iXi - Xi^i) 2 ^n A 

i=2 j=2 

N 

tpiho + X1&01 = YiAi.AXi - XiA)d w - XityiXi - xMdoi] (3.61) 

i=2 

/or some polynomials d\\, d w and cf i in ip2i ■ ■ ■ , ipN, X2, ■ ■ • , Xiv- 
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3.2 i^gh(sgh) in covariant form 

To derive a spinor representation independent formulation of lemmas 13. 1\ 13.21 and 
13.31 we introduce the following so(t, 3 — £)-covariant ghost polynomials: 

€ = c a gr a ^ e y = c a ^r (r^c- 1 )^ . (3.62) 

The 9y fulfill: 

Qij = Gji = #i ■ = ^ • £ (3.63) 

where ^ • £j denotes the so(t,3 — t)-invariant product of ^ and cf. equation 
(2.39) of p. 

In the spinor representation (13.11) one has, for all signatures (t, 3 — t), 

^=i(c 3 ip i -c 1 Xi ), 4 = c 3 X i-c%, (3.64) 
Q i:j = i (c 3 (ipiXj + ipjXi) ~ ~c X XiXj ~ c 2 ^piipj). (3.65) 

The coboundary operator s g h acts on $j and 0^ according to 

N N 

i=i k=i 

Equations (I3.66P can be easily verified explicitly in the spinor representation (I3.ip 
using equations (I3.64p and (I3.65I) . The validity of equations (I3.66P in the particular 
spinor representation implies their validity in any spinor representation equivalent 
to the particular spinor representation owing to their so(t, 3 — t)-covarianceJl 

Equations (I3.64I) and (I3.65P show that the various ghost polynomials involving the 
translations ghosts which appear in lemmas I3.ll and I3.2I are proportional to ghost 
polynomials (I3.62I) expressed in the spinor representation (I3.ip respectively. Using 
additionally tpi = % = and that ipiXj ~ Xi^j is the so(t, 3 — t)-invariant 
product ^ ■ £j of £j and £j we can rewrite lemmas IBTTj 13.21 and I3T31 in an so(t, 3 — £)- 
covariant form which extends them to all spinor representations equivalent to the 
spinor representation (13. ip . 

Lemma 13.11 yields: 

Lemma 3.4 (H gh (s g h) for iV = 1). 

In the case N = 1 a complete set of independent cohomology classes of -ffgh(s g h) is 
{ [1]? [CiL [@n] } with ^i an d @n as i n equations ()3.62|1 : 

s gh u = -v=> u ~ a + ^faa + $fba + 0n & ; (3.67) 
a + Cf a g_ + $fba + ®nb ~ <^ a = aa = ba = b = (3.68) 

where a, a a , b a ,b G C. 



Alternatively one may verify equations p.66[) directly in a spinor representation independent 

aner using the ' 
D = 3 dimensions. 



manner using the "completeness relation" 8^5 j + r a Q ^r a7 - = 2$j<5 7 ~ of the gamma- matrices in 
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Comment: In the case N — 1 equations (13.661) give s^fif = and s g h©ii = 
owing to £i • £i = (one has • ^ = — ^ • 6 in the present case). Note that lemma 
13.41 only applies to signatures (1, 2) and (2, 1) because N is even for signatures (3, 0) 
and (0, 3). 

Lemma 13.21 yields: 

Lemma 3.5 (i^ g h(s g h) for N = 2). 
In the case N = 2 

(i) any cocycle in -ff g h(sgh) can be written as a polynomial in the components of the 
supersymmetry ghosts 6? £2 which is at most linear in the components of £1, or as 
polynomials in the components of 6 times ©12 or On — ©22 with Ojj as in equations 

s gh u = & u ~ a(6) + efa«(6) + ©12^ (6) + (©11 " ©22)62(6) (3.69) 
where a (£2); a a(6); 61(6) an< ^ 62(6) ore polynomials in the components 0/6/ 

fuj a cocycle a(6) + £fa«(6) + ©1261(6) + (©11 - ©22)62(6) «s a coboundary in 
Hgh{sgh) if and only if a, b\ and fo 2 vanish and if £ > f a a{&) depends on 6 on/?/ ma 
the so(t, 3 — t) -invariant product 6 ■ 6 and at /east quadratically on the components 
0/6: 

a(&) + ef«a(6) + ©1261(6) + (©11 - ©22)62(6) ~ ^ 

a = 6 X = 6 2 = A £fa„(6) = (6 ■ 6) £ 2 ~^(6) (3-70) 

/or some polynomials da(6) ^ e components o/6- 

Comment: In the case N = 2 equations (13.661) yield s g h$f = i(6"6)C| 1 > s gh@i2 = 
and s g h©n = s g h©22 = — i(6 • 6) 2 - These relations are behind the results that in 
(I3.69P there is no analog of the term $fbg_ in lemma I3.4[ that (6 ■ 6) £2^0.(6) is 
a coboundary in i7 g h(s g h) and that ©12 and ©n — ©22 are cocycles in i^ g h(s g h) for 
N = 2. 

Lemma 13.31 yields: 

Lemma 3.6 (H gh (s gh ) for N > 2). 
In the cases N > 2 

(i) any cocycle in if gh (s g h) can be written as a polynomial in the components of the 
supersymmetry ghosts 6;- • ■ ?6v which is at most linear in the components o/6 ; 

s gh u = <^> u ~ a(6, ■•.,£#) + £fa«(6 3 • • • , 6v) (3.71) 
where a(6, • • • , Cat) an d a «(6) • • • > 6v) are polynomials in the components o/6 ; - ■ ■ > 6/7 

^ a cocycle a(6, • • • >6v)+£f%(6; ■ ■ ■ >6v) a coboundary in i^ g h(s g h) if and only 
if a (6> • ■ ■ 1 6v) proportional to the sum of all squared so(t, 3 — t) -invariants 6 ■ 6 
wt/i j,j6{2,..., TV} and i/ffa a (6, • • • , Cat) depends on 6 on/y ma ^JI 2 (6 • 

^Ef =2 (6-6)e- 

o(6, • • • , 6v) + £f«a(6, • • • , 6v) ~ & 
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N N 

a(6, ■ ■ ■ , &v) = | • ^) 2d (^' " ' ' Cat) A 

i=2 j=2 
iV 

ef«a(6, • • • , Cat) = " 6)£f4(6, • • • , 60 (3.72) 

i=2 

for some polynomials d(^2, ■ ■ ■ ,6v) andda(£,2, ■ ■ • ,6v) in the components of £2,- ■ ■ ,£jv- 
Comment: Equations (13. 66ft imply 

N N N 

**(©ii-£e«) = i££(ei-&) 2 - 

1=2 i=2 j=2 

This is behind the condition on a(£ 2 , • • • , £n) in (j3.72j) . Using in addition the first 
equation (13. 66ft . one can reformulate (13.721) according to: 

a(6, ■■■,&) + ^f a «(6, • • • , Cat) ~ 

a(6> • • • > 6v) = s g h(@n - £ ©nKte; ■ ■ ■ , 6v) A 

i=2 

^f a a(6, • • • , 6v) = S gh ^fC(6, • • • , Zn) (3-73) 
for some polynomials <i'(£ 2 , • • • , 6v) and g^(£ 2 , ■ ■ ■ , £jv) i n the components of £ 2v • • ,£jv- 

4 Conclusion 

We have computed the primitive elements of the supersymmetry algebra cohomology 
for supersymmetry algebras (11.11) in D = 2 and D = 3 dimensions for all signatures 
(t, D — t) and all numbers N of sets of Majorana type supersymmetries (depending 
on the particular dimension and signature, these are Majorana-Weyl, Majorana or 
symplectic Majorana supersymmetries). 

Thereby we have introduced methods which are applicable and useful also for anal- 
ogous computations in higher dimensions. These are: 

• "dimension-climbing", i.e. using the results in a lower dimension to derive the 
results in a higher dimension, cf. sections 12.11 and 13.1.1} 

• "ghost-matching" for different signatures, i.e. using appropriately defined 
ghost variables that allow one to match transformations and results for dif- 
ferent signatures in a particular dimension, cf. sections 12.31 and 13.11 (see also 
section 5.3 of [T]); 

• " covariantization" of results, i.e. rewriting the results obtained in a particular 
spinor representation in an so(t,D — £)-covariant way so that they become 
valid for any other equivalent spinor representation, cf. sections 12.21 and 13.21 
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Furthermore the results exhibit features that will be met also in higher dimensions 
and are typical for the supersymmetry algebra co homology These are: 

• the dependence of the primitive elements on the translation ghosts via so(t, D— 
£)-covariant ghost polynomials as in equations (13.621) . cf. lemmas [3.41 and I'd. 51 

• a decrease of the maximal c-degree (= degree in the translation ghosts) of 
primitive elements for increasing N (in D = 3 dimensions there are primitive 
elements with c-degrees zero and one in the cases A^ = 1 and N = 2 but in 
the cases Af > 2 all primitive elements have c-degree zero, cf. lemmas I3.1[ 13.21 
and 13.31) . 

As a final remark we add that the results for D = 2 apply analogously also to 
the case with an alternative choice of the charge conjugation matrix C (o"i in place 
of a 2 in the particular spinor representations given in equations (12.11) . (I2.18P and 

(I2.19P ): in lemma [231 one just has to substitute for ^^r^ -(TC" 1 )^ and 

in lemma for £ftf(f C" 1 )^ (cf. section 5.5 of pQ). 
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